Part C: Prize Questions 1-2

This section has two optional prize questions. They are not part of the core compe-
tition and do not contribute to your overall score. You can still get a perfect score

without attempting them.

Results for these questions will only be used in determining prize winners. If you
would like to be considered for a prize, you are invited to attempt these questions.
Prize questions should only be attempted after you have completed your responses

for Questions 1-9.
Each prize question has two parts and has the same rules as a core question in the
paper.

Note: the full introductory text is copied below but the examples are omitted.

Prize 1. Capri

You are using your goats to clear blackberry thickets. Your goats are contrary creatures

and can’t be told what to do.

{05 TF L2 AL 2 SRR N, L6 L 2 AR, R 2 5 A7 A
RS

1. Goats will only work for whole days.
L1 3 H AR 18] R BEHZ BRI

2. If a goat has been assigned to a thicket, it will not permit any other goat, except

Capri, help it clear the thicket.

MR R N RN EARN, AKX FEAS SCVFER Capri Z4b
A L =R T XN EEAR M

3. Each goat can clear an area of 1 GoatRood (GR) of blackberries per day.
FHRILFERR A BEEE 1 GR ) B%E.
4. Capri:

1. Capri will not work by himself.
Capri A2 B TAE,
1. The other goats will let Capri join them.

HoAth 111 2 23 1E Capri —i2 LAE.



iii. If Capri helps another goat, they clear 2 GR of blackberries per day.

W Capri 5 B HAt L =F — A2y, A Rl — R EtReiE s 2
GR 1B %E,

Each of the other goats has been assigned a blackberry thicket. You know the area of
each thicket, and therefore how many days one goat would take to clear it. You want to
use Capri so that all thickets are cleared in as few days as possible.

¥ Capri Z AMAEE— R FEE A BE 1 — A BEEAR N AR 1 ik R AR T
R, BT CURT DLUE 5 A R 1 3 B 2 /D R IR I 8] 4 RS B 58 E AT 1000 e 2 14
AN BAERIEIR Capri ZINTETEAEST, XKl al LUK T BEAR RS TR
I R AT REM A R . R R0l 75 2 6 KA 12 RA BRI 52 R %
%

A. How long would it take to clear seven thickets, of areas 87, 78, 72, 67, 63, 59 and
54 GR?

B. Capri insists on a day off between thickets.
How long would it take to clear seven thickets, of areas 54, 52, 49, 46, 44, 41 and
38 GR?



Prize 2. QWERTY

Antony the ant is practising his typing skills.

B Antony 1E7EZR 4T

When he does not want to type any letters, he walks gently around the keyboard,
stepping from one key to any adjacent key. For example, to get from D to N without
typing he could step along the keys in the order D - R — T —+ G — H — N. There are
many quicker ways to do this.

a0 R pth S AR NAT AT - BE, Al AT DAAE B A b 22 0 A IEAS 7 BEE 1) A AH 4B
B 0, RN D BN Hi AR AER R, T HZHD - R - T —
G —H — NPT E. 28, BRIZINES ERAITE B E.

When he does want to type a letter, he must jump onto the key. He can do this from one
or two steps away.

AR Al AR AN EAS T RE, AR ATk A S B . Anthony T BABE A1 FE & B C T AE
B — B B DT i B

Antony:
* always starts at the spacebar at the bottom
Sl VB A TR TS P A A B Y
* can step from the spacebar onto any key on the bottom row except Z
AT PO RS B [ R B 7 BT 1 Z Z AN — A B
* can jump directly from the spacebar to
A PLE S R BBk
— any key in the bottom row
JR A BT A AR AT — A7)
— any key in the middle row except A or L
HAIFREAT R R A A= LS AR — AR
* will not return to the spacebar while typing a word
NIRRT, A 2riR (el i
* always types as efficiently as possible, by taking the fewest steps between jumps.

e A DR BRI R 22 T ) 20 P 28 o fIRORIE SR v N



A. Antony wants to type a 3-letter passcode. His passcode:
* must include the letter A
* must not repeat any letters.

Which passcode has the greatest number of ways to type it as efficiently as possible, and

how many ways are there?

Your answer will be the 3-letter passcode followed by the number of ways.

B. Antony’ s passcode is 3 letters and does not contain any repeated letters. It:
* can be typed as efficiently as possible in exactly 55 ways
e starts with a letter in the top row
* has exactly one letter from his name.

What is the passcode?

Your answer will be the 3-letter passcode.
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Part A: Questions 1-6

Each question should be answered by a single choice from A to E.
BEADMNE, EENNAPIEE—PMEBHER.

Questions are worth 3 marks each.

B3 5,

1. Flow-R1Z[E

The number 38 is input into the following flow chart:

BT 38 N R AR AR :

reverse digits % NO YES &
e o) % <10? output %y
3!
NO &
YES &
-2 X3 —— — 100

How many times is the ‘reverse digits’ process applied before ‘output’ is reached?

HRZE “Hi” AT 38 Had 2 ik “HrEEIF T ?

(A1 (B) 2 )3

(D) 4 (E) ‘output’ is never reached 7K JCiE “HiH”
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2. Donut Prince-Et &t B £ F

The game Donut Prince is played on the 8 x 8 grid shown. The prince can move one
square up, down, left or right on each turn. He cannot move onto a solid grey square

and diagonal moves are not allowed.

#H B T R WK 8 x 8 Mtk . ETRRHA UL L, N £ A4
Jila) BB AT HE, ABANBEEAN K (TR, WANRRAEXS M ETT IR B
Zf).

When the prince is at any of the four edges of the grid, one more move towards that
edge transports him to the same position on the opposite side. For example, he can get
from square X to square Y with one move left.

AL T IZ RS DY S50 AR T, B TR 1) T 2 R] DR A
ERNARIFE LB Flan, ET R B X kg ) LR — B Rk Y 7.

The prince starts at square P.
BEE TP IR

How many of the white squares could not be reached by the prince in 6 moves or fewer?

WG 6 KRB T RBIBEG, TT Ak RN EGITHREZOA?

(A)3 (B) 4 ©)5 (D)6 (E)7
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3. Row delete—iEiH T

In a spreadsheet, rows are labelled 1, 2, 3, ... and columns are labelled A, B, C, ...

ETHEES, AR08 1. 24 3+ ... 5 FlFRidN AL B, C. ...

When a row is deleted, all of the rows below it shuffle up one position. For example,
deleting row 3 means the new row 3 is the old row 4, and so on.

BHER—1T, WATTTRIET BB AT B, THEREE 34T, RARME 447
U S 34T, PAEISHE.

A B A B
Antares | Scorpio Antares | Scorpio
Rigel | Orion Rigel | Orion

delete jHF&
—_—

Pollux |Gemini Canopus Carina

row3 &£ 317

Canopus Carina Acrux | Crux

sl N =
W>XIIZIO
g|hlw N =

MW > o0

Acrux | Crux Polaris Ursa Min

Rows are deleted one at a time by a sequence of row numbers such as 3, 5, 2, ...

B MT ST, Bl 3. 5. 2. L, TR IIT IE— R AT

This means delete row 3, then delete the new row 5 (which is the original row 6), then
delete the new row 2 (which is the original row 2), and so on.

HARTHERES 31T, FHIHBRATEEE 54T (HVEZEEE 6 17), ZJaTHBRMTE9EE 21T
CRRJRZEIIEE 247D, AR

Different sequences may or may not have different effects. For example, deleting 3, 1,3
has the same effect as deleting 5, 1,2. Both of these delete, in some order, the rows that
were originally numbered 1, 3 and 5.

R A TR 2t T R R 27 A AR I, 420 3, 1,3 HOBUT 0 R 47 1 2
RE 2 51,2 (T BRAT B RCRARE o DAF 6 b #8422 SE T3 3 ok T Ji ok 1)
1. 3. 517,

The cost of a sequence is the sum of the row numbers: 3,1,3 has cost 34+ 1+3 =7 and
5,1,2has cost 5+ 1+2=28. So 3, 1,3 is cheaper than 5, 1,2.

B A A B 5 Fr AT 5 8/, Blanesl 3,1,3 BIsA N 3+14+3=7; F515,1,2
HISAN 5+1+2=8. Hitk, 3,1,3 FIALE 5,1,2 BIRATEAK.

What is the cost of the cheapest sequence that has the same effectas 3,1,4,1,5,9,2,6,5?
iS55 3,1,4,1,5,9,2,6,5 ZCRHFE R A, {88 FFHI A2 202

(A) 21 (B) 23 (C) 25 (D) 27 (E) 29
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4. Your turn first-5¢ & #l A

Your friend has challenged you to a game he has invented. It starts with a counter
on the topmost cell. Players take it in turns to move the counter 1, 2 or 3 cells in the
direction of the arrow. An interesting feature of the game is that there is a choice of
moving the counter anti-clockwise or clockwise when it reaches the circle. Once the
counter is moved clockwise or anti-clockwise, all subsequent moves must be in that
direction. The winner is the player who moves the counter onto the cell with the .
PRI AAEAR BT I — 3R 3 A A R k. s o an k. ESE M A%
i @ bricbe s AL E. B N8I aG, Reig a7 Foke @ &zhl. 2
5 3 Ko IR — N AEE A R R BusIRIA R Rl ) LI £ A7
[ 8% B B N B0 A Bl Bu — B BRI B BB T 1, e R RE IR
AT AERA E R Eh. K @ B EE & KR Bk .

Your friend is a very skilled player. You have the first move. The only way for you to

guarantee a win is by
WA — A A5 35 % & K. WRIT R, IR%ETF, g — geaif
PRIR I 715 2

(A) moving the counter 1 cell ¥ M5 1 #%

(B) moving the counter 2 cells ¥ ZE M 5] 2 #%

(C) moving the counter 3 cells ¥ E i3 5) 3 #%

(D) moving the counter 1 cell or 3 cells ¥ &L ) 1 458 3 #%

(E) moving the counter 2 cells or 3 cells $5 ZE /50 2 # Bk 3 1%
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5. Mary-12~ 535310

Mary has written a program to generate random sequences of the letters of her name.
Mary it 7 — 3K Pt 44 A ) BER A B L BE R IR
She is interested in how many times the letters M A R Y, in order, can be extracted

from a sequence.

AR 4 73 B JRAT 2 D5 AT ARy A2 BRI ZEAN PP 91 PRI 5B M

A R Yo

For instance M A R Y can be extracted from the sequence M A M A R Y in 3 ways.

Wltn, B=MAEITUMTIIM A M A R Y FIRFIREEEREM A R Yo

M A M A R Y
g M
T B N

G G M

Mary’s program generates the sequenceM R A Y R YMA R Y A MY R Y.
Mary FJREF AT AAERFSIM RA YR YMAR YAMY R Yo

In how many wayscanM A R Y be extracted from this sequence?

AT 2 DR TE AT DAEZ 7 SR 27 S B M A R Y2

(A) 10 (B) 12 (C) 14 (D) 16 (B) 18
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6. Card choices-#F~

Tyson is playing a card game. He has six pairs of numbered cards, all visible, as follows:

Tyson IEAEHT— MR . AN R, nEFR:

Tyson can choose at most one card from each pair, and aims to make the highest

possible total.
Tyson WEEAL R A R % A B — KR, A5 U R LB RUR AT BEIE 1) 55 K AR

However, as he moves from left to right, any card he chooses must be higher than the

card previously chosen.

B8, A 22 1A A R R, bl B A A — 5K R B B i By b L HT—
SRAI R R R K

Examples %15
Valid sequence HRUF%): 5 - 9 _ 10 _
Invalid sequence LXUF%): 1 5 3 _ _  _

What is the highest total Tyson can make?
Tyson FHLA R i _E AT S AR REIA B2 /D2

(A) 24 (B) 25 (C) 26 (D) 27 (E) 28
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Part B: Questions 7-9

Each question has three parts, each of which is worth 2 marks.
BEA=TES, FHD2 7.

Each part should be answered by a number in the range 0-999.
BEHNBEREA—NNT 0-999 ZEHEF.

7. Communication towers-18/{51%&

There are several towns along a road. Sites have been identified for communication
towers to service the towns. Each town must be in sight of one or two communication
towers.

W RS AT L PRIEAE B . RS AE BE R Dy 1 e T e ok BE A G A DR B, PRI A 20
B OREEAS NS T A — P B PRI A5 15

Examples %15

o)
\\\A’//

o o}
N A 2 N A’//
|:::::I“H| |:::::|||E| |:::::I"E| v
0
’l_‘l m \\\/1\/// ’L'lu ’L||u X third town misses out
el el el BB N A S
\\(A)// \\(A)//
N7 N7
H‘“‘ T H‘“‘ T H““‘ l:: X second town | misses out N
LLLLL I:I LLLLL I:I pte ||| b %:@4‘%%@?&@@15 j:%

You know the cost of building a communication tower on each site. You want the total
cost of building the communication towers to be as low as possible.

BE TR P SR A A 2% AL B A IR AE B A AS,  ILAE URAECRE BT T A B S A
P& A R ] BE B B B IR
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For each of the following, what is the lowest cost to build communication towers so that
every town is next to at least one tower?

XHF R AR FEE B RE T 5 TR AT DUME A RS NS T R A D
EEE AR

(Each number represents the cost of building a tower on that site. The Ts represent

towns.) CHASE MR IZA B ISR — Rl EH SR . TAGRME.)
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8. Capri LLI=E

You are using your goats to clear blackberry thickets. Your goats are contrary creatures
and can’t be told what to do.

PRIEAEDKGEE L1 3 2275 v AR N, HIX 6 [ S F AR BOSE, I A 22 58 20T AR
DRSS

1. Goats will only work for whole days.
12 AR ) X BE4Z R R

2. If a goat has been assigned to a thicket, it will not permit any other goat, except
Capri, help it clear the thicket.
WUERFE S 4 BE B AR M, B2 H Al E A o vr Bk Capri 24t
) H At L 3ok 3 e IE BIX AN EAR A

3. Each goat can clear an area of 1 GoatRood (GR) of blackberries per day.
A L EARER A BETE P 1 GR KBS
4. Capri:

1. Capri will not work by himself.
Capri A2z BT AR,
ii. The other goats will let Capri join them.
HAt 1l 2 2388108 Capri — 2 LAE.
ii1. If Capri helps another goat, they clear 2 GR of blackberries per day.
W2 Capri #5 B HAh L = — 2357, AR R 1L — RIS 2
GR {1 R %

Each of the other goats has been assigned a blackberry thicket. You know the area of
each thicket, and therefore how many days one goat would take to clear it. You want to
use Capri so that all thickets are cleared in as few days as possible (6 days and 12 days
in the examples below).
% Capri Z A EE— R IR AR o AC 1 — F BRAEEEAR M o R T R Fr EAR M (1 T
P BART RATH S R R 1 3 B E 2 /D R I I [) 4 BE VS 2 56 B AT T4 0 e 21 7
AR BUEVRENR M Capri Z2HNETEAEST, XFE— Rl o] LUK T BEAR AR
I RS AT REMB A R . RIS B 2 6 KA 12 RA BEIE i 58 R %
(7P
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Examples (Rem. is the area remaining to be cleared.)
A (Rem. $5 IR TR FHE 7 XI5

Two thickets, of areas 11 and 4 GR.
PRI, A58 11 A4 GR.
Capri (*) helps clear thicket 1 for the first
5 days.

Capri(*) fERHT 5 KEpENIER 1 SHEAR
Mo

Two thickets, of areas 20 and 15 GR.

P EEARN, AR A8 20 F115
GR.

Capri (*) helps clear thicket 1 for 8 days
then thicket 2 for 3 days.

Capri(*) F 7 8 RIMENE R 1 SHEARMN,
RIG AT 3 R NTE 2 SHEARM.

English version Z& 3 A English version #& 3R A :
Thicket 1 (11) || Thicket 2 (4) Thicket 1 (20) || Thicket 2 (15)
Days || Cleared | Rem. || Cleared | Rem. Day || Cleared | Rem. || Cleared | Rem.
14 8 3 4 0 1-8 16% 4 8 7
5 2% 1 9-11 3 1 6*
1 0 12 1 0 1 0
Chinese version "1 SCRA Chinese version " SCRRA :
LSHEANAD | 2 SH#AAG) 1 2HEAMQO) | 2 BHEAMIS)
RE | Tl | frilis. | O | /i | o || e | s || o | s
14 8 3 4 0 1-8 16* 4 8 7
2% 1 9-11 3 1 6* 1
1 0 12 1 0 1 0

6 days are required to clear the thickets.

P BEAR BT S8 SR/ 2L 6 Ko

12 days are required to clear the thickets.
FIATHEAR R 5E SR 22 12 Ko

(Two tables in each example are same, but in different languages)

(RSB PRI A B, SO EARTE S RS ERD

For each of the following, find the minimum number of days required to clear all the
thickets.

RN F BTG A HEA AT 56 B P 7 0 B3 R B

A. Three thickets, of areas 40, 22 and 16 GR.
ZEERMN, AR 40, 22, 16 GR

B. Four thickets, of areas 47, 37, 27 and 17 GR.
VO EARMN, A58 47, 37, 27+ 17 GR

C. Four thickets, of areas 40, 35, 30 and 25 GR.
VO EARM, A58 400 35, 30, 25 GR
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9. QWERTY-4Z 8T =

Antony the ant is practising his typing skills.

B Antony 1E7EZR 4T

When he does nor want to type any letters, he walks gently around the keyboard,
stepping from one key to any adjacent key. For example, to get from D to N without
typing he could step along the keys in the order D -+ R — T —+ G — H — N. There are
many quicker ways to do this.

a0 R pth S AR NAT AT - BE, Al AT DAAE B A b 5 9 A JEAS 7 BEE 1) A AH 4B
B 0, RN D BN H AR AER 7R, T HEHRD - R - T —
G —H — N WINPT E. 28, BRI INES ERAITE B2

When he does want to type a letter, he must jump onto the key. He can do this from one
or two steps away.

ISR Al AR AN TEAS RE, AR ATk A S B . Anthony T BABE A1 FE & B C T AE
B — B B DT B

Antony:
* always starts at the spacebar at the bottom
Sl VB A TR TS P A A B Y
* can step from the spacebar onto any key on the bottom row except Z
AT PO RS B [ R B 7 BT 1 Z Z AN — A B
* can jump directly from the spacebar to
A PLE S R BBk
— any key in the bottom row
JR A BT A AR AT — A7)
— any key in the middle row except A or L
HAIFREAT R R A A= LS AR — AR
* will not return to the spacebar while typing a word
NIRRT, A 2riR (el i
* always types as efficiently as possible, by taking the fewest steps between jumps.

e A DR BRI R 22 T ) 20 P 28 o fIRORIE SR v N
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Example: To type ‘REACH’ he could:
#4): A% N REACH , Athw] D

1. step onto C, then jump onto|[R |, [E]and
EF C, SRk [R][E] A0

2. step onto Z, then jump onto
EFZ, SREkI

3. step onto V, then jump onto .
£ v, HIEHkE [H].

This takes 3 steps, shown underlined, and this is the fewest possible. There are other

ways he can type ‘REACH’ with 3 steps. (There are 5 letters so there will be 5 jumps.)

ERB PR, W8 Anthony EBEIER 2 [8] 75 2E =20, BIE A FRIZ R H I =
ANyEE, XRWREN R HL MR AL A EE =P e Dl
N REACH’ ({1 2k, (R4 5 475 ZE4 A (17 BE T AR ZEBkER 5 1)

For each of the following, find the number of ways that Antony can type the word as

efficiently as possible:

i# 1 Anthony 7 % /b F i 25 7T LIUR AT A s AU N T 51 4% 23] 2

A. TYPEWRITER B. ALGORITHM

C. COMPUTER
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Solutions
Part A: Questions 1-6

1. Flow

There are two key shortcuts:

o the i loop:

this finds the largest odd factor of a number.

this finds the last two digits of a number (mod 100).

Tracing through the flow chart we get the sequence of numbers in the following table,

reading top to bottom then left to right:

Input 38

Reverse 83 94 14 12
Odd factor 83 47 7 3
Triple 249 141 21 9

Mod 100 49 41 21 9

Output 9

So the ‘reverse the digits’ process is applied 4 times in all.

Hence (D).

2. Donut Prince

We label the squares that Prince can get to with 1 move, then the squares he could get

to in 2 moves, and so on.


Sophia 
Highlight


Computational and Algorithmic Thinking 24 (Senior Solutions) 18

There are 7 white squares that the prince could not reach.
Hence (E).

3. Row delete

Solution 1
We first find out the effect of the sequence 3,1,4,1,5,9,2,6,5.

Start by listing the row numbers 1, 2, 3, ... in order. The first 3 in the sequence means
cross out the 3rd number, which is 3. The 1 means cross out the first number, which is
1. The 4 means cross out the 4th remaining number, which at this point is 6. So after

three steps we have the following:
I 23 45867

For each new row number n, cross out the nth remaining number in the list. If at any
point additional numbers are needed, just add them to the end. After the full sequence

we are left with the following:

Y 2 3 4 8 6 7 8 9 10 U V¥V 13 M4 15

So we need to find the cheapest sequence which ultimately deletes the same collection

of rows.

Starting at the left end, we can delete rows 1, 2 and 3 with 1,1, 1 and clearly this is the
cheapest strategy that does this:

Y 2 3 45 6 7

In order to leave 4 and 7 alone and cross out 5 and 6, we proceed with 2,2:

123 4367


Sophia 
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Continuing in this way, we find that the cheapest sequence is 1,1,1,2,2,4,5,5,6 which
has cost
I1+1+1+2424+44+5+5+6=27.

Hence (D).

Solution 2

We have to delete the rows originally numbered 1, 2, 3,5, 6,9, 11, 12 and 14.
Clearly we will delete them in that order.

The 1 costs 1.

It will cost 2 —1 =1 to delete the 2.

It will cost 3 —2 =1 to delete the 3.

It will cost 5 — 3 = 2 to delete the 5.

Continuing in this way we have
1+2-1)+(B3-2)+(5-3)+(6—-4)+(9-5)+(11-6)+(12—7)+ (14 -38)
=(1+2+3+5+6+9+11+124+14) - (1+2+3+4+5+6+7+38)
=(14+2434+54+6+9+11+12+14)—((8x9)+2)

=63-36=27

Hence (D).

4. Your turn first

A cell 4 away from the target cell is a winning cell (W), for if you move the counter to

the cell you can win on your next move whatever your opponent does.

A0\
A EEECIEEEE]
N

This extends to a cell 4 away from a winning cell is also a winning cell. Cells that are

1, 2 or 3 moves from a winning cell are losing cells.

AN AN
WL L [W]L[L]L [5]

With this understanding, the aim of the game becomes giving your opponent no choice

but to land on a losing square.


Sophia 
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For the board, the winning cells on the circle are shown by a W, and the cells within 3

moves are of either W are indicated have an L.

From this diagram we see that if our first move is 2 or 3 we move to a losing cell.
However if we move 1 cell our opponent can only move to one of the shaded cells, all

of which are losing cells.

Hence (A).


Sophia 
Highlight


Computational and Algorithmic Thinking 24 (Senior Solutions) 21

5. Mary

We build a table a row at a time. There will be a row for each of M A R Y. The first

row is the M row. In each M column will be a 1.
‘MRAYRYMARYAMYRY

M| 1 1 1

The number in the A column of the second row will be the number of M A sequences
finishing at that A. For example there is one M before the first A, but two before each of

the others.
‘MRAYRYMARYAMYRY

M| 1 1 1
A 1 2 2

We continue with the R row. The R column contains the number of M A R sequences

finishing at that R.
M R AYRYMAIRYAMY R Y

M1 1 1

A 1 2 2

R 0 1 3 5
And finally the Y row.

M R AY RYMARYAMY R Y

M| 1 1 1

A 1 2 2

R 0 1 3 5

Y 0 1 4 4 9
M A R Y canbe extracted in 1 +4+4+9 = 18 ways.
Hence (E).

6. Card choices

We will use the notation n(i) for the card numbers, and (i) for the largest total of the
first i numbers subject to the given rules.
We will write the card numbers in a line, with a | to indicate the pairs.
51[45|39(57[710|89
Then ¢(i) = n(i) +t(j) where ¢(j) is the largest ¢ value for all j < i. So for our data,
t(1)=n(1)=5,12)=n(2) =1. Thent(3) =n(3) +t(2) =441 =75, etc.

ni)||5 14 503 9] 5 7] 7 10/ 8 9

(@) |5 15 64 15[10 1317 25|25 26
The largest total following the rules is 26 (1 +4+5+7+9), by choosing the numbers
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circled below.

Hence (C).

@

10

22
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Part B: Questions 7-9

7. Communication towers

From the third site onward, if a tower is built on the site, a tower must also be built on

exactly one of the two sites to its left.

\\\K/// \\\K/// \\\K/// \\\K///
Ne
A/

® ®
\\\A’// \\\A’// N

This leads to a left-to-right algorithm where we add sites one at a time, computing the

X Left town not covered.

&

=0

X Middle site unnecessary.

lowest cost so far if a tower was built at that site. This is the cost of building on that site
+ the lower of the costs of building at the preceding two sites.

Then the lowest cost will be the lower of the costs at the last two sites.

A. 4 6 7 4 7 6 4 8 9 6

cost | 4 ® 7 @ 7 ® @ 3§ @ ¢
lowest |4 6 11 10 17 16 20 24 29 30

The total costis6+4+6+4+9 = 29.

B. 476 6 9 7 6 4 2 41

Cost4®6@9®6@®4®
lowest |4 7 10 13 19 20 25 24 26 28 27

The total costis6+4+6+4+7=27.


Sophia 
Highlight

Sophia 
Highlight


Computational and Algorithmic Thinking 24 (Senior Solutions) 24

C. 34532314346 5 4

cost|3 D 5 @ @ 3 © 4 @ @® 6 ® 4
3 4 8 7 9

lowest 10 10 14 13 17 19 22 23

The total costis4+3+2+1+3+4+5=22.

8. Capri

We will use t; < 1, ... for the number of days to clear thicket 1, thicket 2, ...

Solution 1

Two thickets

Capri only helps clear thicket 1.
This is the case where 1, <1;/2

Capri helps clear both thickets.
This is the case where 1, > 1/2

* Capri will help with thicket 1 until both thickets have the same time remaining.

* Then he will help clear both thickets equally.

Note that once both thickets have 2 days left, it does not reduce the time to clear both if
Capri helps with one of them.

Three thickets

Capri only helps clear thicket 1.
This is the case where 1, <1,/2

Capri helps clear thickets 1 and 2.
This is the case where £, > 11 /2 and 13 <1, /2.

 Capri will help with thicket 1 until both thickets have the same time remaining.
* Then he will help clear both thickets equally.

Capri helps clear all three thickets.

This is the case where 13 > 1;/2

 Capri will help with thicket 1 until thickets 1 and 2 have the same time remaining.
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* Then he will help clear thickets 1 and 2 equally until they have the same time

remaining as thicket 3.

* Then he will help clear all thickets equally.

Note that once all the thickets have 2 or 3 days left, it does not reduce the time to clear

them all if Capri helps.
We can now solve parts A.
A. Thicket 1 (40) Thicket 2 (22) || Thicket 3 (16)
Day || Cleared | Rem. || Cleared | Rem. || Cleared | Rem.
1-16 32% 8 16 6 16 0
17-18 4% 4 2 4
19 2% 2 3
20 1 1 2% 1
21 1 0 1 0

The thickets will be cleared in 21 days.
Capri helps with the first two thickets.

Four thickets

The pattern is now established:

Check to see whether Capri spends all of his time helping clear thicket 1.
If he does, we are finished
If not, even up thickets 1 and 2.
If thicket 3 is finished, Capri helps thickets 1 and 2 equally.
If not, even up thickets 1, 2 and 3.
If thicket 3 is finished, Capri helps thickets 1, 2 and 3 equally.
If not, even up thickets 1, 2 and 3 and then Capri helps all thickets equally.

We can now apply this procedure to the remaining data in the question.
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B.
Thicket 1 (47) Thicket 2 (37) Thicket 3 (27) Thicket 4 (17)
Day | Cleared | Rem. || Cleared | Rem. || Cleared | Rem. || Cleared | Rem.
1-10 20%* 27 10 27 10 17 10 7
11-17 14* 13 7 20 10 7 0
18-19 4% 9 2 18 8
20-27 8 1 16%* 2 0
28 1 0 2%
The thickets will be cleared in 28 days.
Capri helps with the first two thickets.
Thicket 1 (40) Thicket 2 (35) Thicket 3 (30) Thicket 4 (25)
C. Day || Cleared | Rem. || Cleared | Rem. || Cleared | Rem. || Cleared | Rem.
1-5 10%* 30 5 30 5 25 5 20
6-10 10* 20 5 25 5 20 5 15
11-25 5 15 10* 15 5 15 5 10
16-18 6* 9 3 12 3 12 3 7
19-21 3 6 6* 6 3 9 3 4
22-24 3 3 3 3 6%* 3 3 1
25 1 2 1 2 1 2 1 0
26-27 2 0 2 0 2 0
The thickets will be cleared in 27 days.
Capri helps with the first three thickets.
Solution 2

We can short-cut the above solutions by doing a little analysis.

If Capri only helped with thicket 1, it would take #; /2 (rounded up) days to clear the
thicket.

(We need to round up to allow for #; being odd, in which case Capri would not help on

the last day.)

If by this time thicket 2 (and therefore all other thickets) has been cleared, Capri will
only help with thicket 1. This gives us our first step.

* If ceiling(t;/2) > 1, then the time to clear all thickets is ceiling(t;/2).

(ceiling is the rounding-up function.)

If ceiling(t;/2) < tp, then Capri should help with thicket 2 as well. This will take
(t1 +1)/3 days. If this is > 3 then Capri will just help with thickets 1 and 2.

It will be useful to introduce a helpsWith; function. This is the time it would take to
clear the first i thickets with Capri’s help.
hel psWith, = ceiling(t,/2)
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helpsWithy = ceiling((t; +12)/3)
helpsWiths = ceiling((t) +t2 +13)/4)

We can now extend the approach above
condition days to clear
helpsWith, > t; hel psWith
else helpsWithy, > t3 helpsWith,
else helpsWiths >ty hel psWiths

else

We can now use this approach with the thickets in the question.

A. 3 thickets, taking 40, 22 and 16 days.
helpsWith; = 20, which is < 1,
helpsWith, = 21, which is > t3,
Hence helpsWith, = 21 days.

Capri helps with 2 thickets.

B. 4 thickets, taking 47, 37, 27 and 17 days.
helpsWith; = 24, which is < 1,
helpsWith, = 28, which is > 13,

Hence hel psWithy = 28 days.
Capri helps with 2 thickets.

C. 4 thickets, taking 40, 35, 30 and 25 days.
helpsWith; = 20,which is < 1,
helpsWith, = 25, which is < t3,
helpsWithy = 27, which is > 14,

Hence hel psWithy = 27 days.
Capri helps with 3 thickets.

27
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9. QWERTY

It will be convenient to calculate the number of ways to efficiently type the first letter of

each word.

For the bottom row:

Every letter can be reached in 1 jump, so there is only 1 way to do this.

For the middle row: For <spacebar>— S, ..., K there is only one efficient way — a
direct jump to the letter. For A and L there is a step before the jump, but in each case

just one efficient way <spacebar>— X — A and <spacebar>— M — L.

For the top row:

R, T, Y, U can be reached in 3 ways —e.g. <spacebar>— X (C, V) -+ R
E, I can be reached in 2 ways — e.g. <spacebar>— X (C) -+ E

W, O can be reached in 1 way —e.g. <spacebar>— X — W

Q can be reached in 2 ways — <spacebar>— X — Z (S) — Q

P can be reached in 1 way — <spacebar>— M — K — P

RO E &SRR E ) R
0SB &% 8% B

% %)% )% &N
.

We now make the following observations (rules):

1. Antony will jump to the letter to be typed as soon as he is within 2 letters.

Else he would not be efficient.

2. To reach a letter, Antony would not leave a row and then come back to it.
This means that if Antony is on the same row there is only one efficient way to

type the next letter.

We use these for the first word.



Computational and Algorithmic Thinking 24 (Senior Solutions) 29

A. TYPEWRITER

T 3  from <spacebar>
Y 1 rulel
PE 1 rule?2
W,R 1 rulel
LT 1 rule?2
E.R 1 rulel

There are 3 ways to efficiently type TYPEWRITER

Now consider if Antony is at O and his next letter is at @. He will need 4 steps before

jumping. The two possible jumps are shown by arrows.

The numbers in the diagram below show how many ways there are to step to that key
from O.

There is just 1 way to step to the lower jumping key.

There are 4 ways to step to the higher jumping key.

Hence there are 1+4 = 5 ways to efficiently reach O.

g4 dd
-]

We can generalise this to

3 If Antony’s next letter is on the next row and is s steps away, there are s — 1 ways

to reach it.

‘We use this rule for the next word.
B. ALGORITHM

A 1 from <spacebar>
L,G 1 rule?2
O 3 rule3
R,LT 1 rule2
H, M 1 rulel

There are 3 ways to efficiently type ALGORITHM

Now consider if Antony is at O and his next letter is at @. He will need 4 steps before

jumping. The three possible jumps are shown by arrows.

The numbers in the diagram below show how many ways there are to step to that key
from O.

There is just 1 way to step to the lower jumping key.
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There are 4 ways to step to the middle jumping key.
There are 6 ways to step to the higher jumping key.
Hence there are 1+3 46 = 11 ways to efficiently reach O.

a4 Jd Vil
m Gl il i I

We can generalise this to

4 If Antony’s next letter is on two rows above or below and is 3,4,5, .. steps along
there are 4,7,11,... ways to reach it.
This can be generalised to
If Antony’s next letter is on two rows above or below and is s > 3 steps along

thereare (s—1)(s—1)/24+(s—1)+1=s(s—1)/24 1 ways to reach it.

5 s =2 1is a special case. It is not difficult to see that there are 2 ways except for

M — P for which there is just 1 way.

We use these rules for the remaining word.
C. COMPUTER

C 1 from <spacebar>
0] 11 rule4
M 1 rulel
P 1 rules
U 1 rule2

TE,R 1 rulel
There are 11 ways to efficiently type COMPUTER
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